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Abstract 

Using a sifting- shadowing combination, we prove in this paper that an arbitrary C ' -class local 
difFeomorphism / of a closed manifold M" is uniformly expanding on the closure ClM"(Per(/)) 
of its periodic point set Per(/), if it is nonuniformly expanding on Per(/). 
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1. Introduction 

We consider a discrete-time differentiable semi-dynamical system 

f: M" ^ M" 

which is a C'-class local diffeomorphism of a closed manifold M", where « > 1; that is to say, / 
is surjective and for any x e M", there is an open neighborhood f/ v around x in M" such that / is 
c'-class diffeomorphic restricted to Ux- 

1.1. Motivation 

A point p e M" is said to be periodic with period t > 1, if f^ip) - p. For a number of 
situations in smooth ergodic theory and differentiable dynamical systems, the "nonuniform hy- 
perbolicity" of its periodic point set, written as Per(/), is often proven or assumed; for example, 
see the classical works [14, 22, 23, 25, 3, 17, 16]. Then, extending the hyperbolicity from the 
periodic points to the whole manifold or the closure of Per(/) is a deep and important problem. 

In this paper, we are concerned with the study of conditions for a nonuniformly expanding 
endomorphism to be uniformly expanding. There have been a few results concerning this. One 
of these results is the remarkable Theorem A of Mane [24] for c'^^'"'''''' endomorphisms of the 
unit circle T'; some interesting other results for C' -class local difFeomorphisms of M" where 
n>2, have appeared in several recent papers [ 1, 6, 7, 8, 10]. 
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1.2. Basic concepts 

Before we pursue a further discussion, let us first recall some basic concepts. As usual, by 
DiffiQ(,(M") we denote the set of all C' -class local diffeomorphisms of the closed manifold M", 
equipped with the usual C ' -topology. 

By an abuse of notation, || • Hco means the co-norm (also called minimum norm) defined in 
the following way; forany/€Difri,,(M"), 

IIA/lIco = min m,f)v\\ 

veT,M".\\v\\=\ 

for the derivatives D J^: T.M" Tft^.^M" for all x € M" and ^ > 1. Since / is locally difFeo- 
morphic, ||A/||co = ll(A/0"'ir' > 0. On the other hand, we have 

IIA/'^'"llco > ll(A/)llco ■ IK-D/W/'" lico 

for any x e M" and any m> I. 
For any point x e M", let 

1 „ 
yiminix, f) = lim sup -- log II A-/ lico 

be the minimal Lyapunov exponent of / at the base point x. Our question considered here is this: 
If ^mm{x,f) > for all X e Per(/), whether / is expanding on the closure of Per(/). Let us first 
see an example. We denote by {0, 1 1'*' the compact topological space of all the one-sided infinite 
sequences /. : N — > {0, 1 ) and let S{a, y) = {5o, 5 1 ) where 





■ 1 -1 ■ 




■ 1 ■ 


a 


1 


, 5i = r 


-1 1 



(or, 7 > 1). 



Based on [5], there exists a pair of a, y such that for every periodic sequence /. 6 {0, 1 } 

1 

A^in{i.,S{a,y)) = hm -log||5/, •■•5,J|co > 0, 

but the linear cocycle, associated to S{a,y) and driven by the Markov shift 6: i. i-> is not 
expanding on {0, 1)^, although all the periodic sequences ;. form a dense subset of (0, 1}'*^. 

This example motivates us to have to strengthen condition for uniformly expanding. The 
basic condition that we study in this paper is described as follows. 

Definition. We say that / e D\S\^{M") is nonunifonnly expanding on a subset A c M" not 
necessarily closed, if there can be found a number A > such that 

1 

Um sup - ^ log ||Z)/,(,)/||co > A 

for all X e A. Here the constant A is called an expansion indicator of / at A. 

This is similar to what Alves, Bonatti and Viana has defined in [2]. Recall that for an arbi- 
trary ergodic measure ^ of /, based on the Kingman subadditive ergodic theorem [19] one can 
introduce the minimal Lyapunov exponent of f restricted to fi by 

1 , 

^min(yu, /) = lim -- log ||A/ ILo ju-a.e. xeM". 
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It is worthwhile noting here that restricted to a subset A, the nonuniformly expanding property 
of / is more stronger than the condition that / has only Lyapunov exponents /imin(A',/), which 
are positive and uniformly bounded away from zero, for all ergodic measures // in A. So, if 
/ is nonuniformly expanding on A, then every ergodic measure ju of / distributed in A has 
only positive Lyapunov exponent /lmin(y",/)- But, because here A is not necessarily a closed 
subset of M" such as A = Per(/), it is possible that there exists some ergodic measure n which 
is just supported on the boundary dA, not in A, and which cannot be a-priori approximated 
arbitrarily by periodic measures even in the case A = Per(/). This prevents us from using the 
expanding criteria already developed, for example, in [1, 6] and [25, Lemma 1-5], to prove that 
/ is uniformly expanding on the closure C1m"(A) of A in M". 

1.3. Main results and outlines 

Our principal result obtained in this paper can be stated as follows, which will be proved in 
Section 5. 1 based on a series of lemmas developed in Sections 2, 3 and 4. 

Theorem 1. Let f: M" — > M" be a -class local diffeomorphism on the closed manifold M", 
which is nonuniformly expanding on its periodic point set Per(/). Then, there hold the following 
statements. 

(1) / is uniformly expanding on the closure CIm" (Per(/)), i.e., there can be found two numbers 
C > and A> Q such that 



for all V € T,M",xe ClM"(Per(/)) andk>l. 

(2) For an arbitrary ergodic measure /j. of f, either Amia(ju,f) < 0, or /lniin(A',/) ^ ^ ond 

snpp(fi) c ClM"(Per(/)). 

(3) If additionally Per(/) is dense in the nonwandering point set Q(/) of f, then f is uniformly 

expanding on M". 

The statement (1) of Theorem 1 is closely related to an important theorem of Mane [25, 
Theorem II-l], which essentially reads as follows: If / e DifF'(M") preserves a homogeneous 
dominated splitting 7aM" - E®F where A = CIm" (Per(/)), such that the bundle E is contracted 
by D/ and at every periodic point p. 



for some uniform constant A > Q, then / is (uniformly) expanding along F on A. However, 
Mane's theorem does not apply directly to our situation studied here, since / is not a diffeomor- 
phism. In addition, the statement (1) of Theorem 1 is proved by Castro, Oliveira and Pinheiro [8] 
in the special case where / possesses the closing by periodic orbits property, and by Sun and 
Tian [28] in the generic case. 

For any / e D\S\^^{M"), by definition, the nonuniformly expanding for / on Per(/) is equiv- 
alent to the property that there exists a constant A> Q such that 



||(A/)v||>C||v||exp(U) 




k-\ 
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for all ergodic measures ji of f supported on periodic orbits. However, from R. Mane [25, 
Lemma 1-5] it follows that, / is (uniformly) expanding on ClM"(Per(/)) if and only if there exists 
an integer m > 1 and a constant A' > such that 

\ogmf"%,ii(dx) > A' 

M" 

for all ergodic measures n of f supported on ClM«(Per(/)). Since Per(/) does not need to be 
closed in M" and there is no a-priori generic condition, like closing by periodic orbits property, 
for the restriction of / to C\m" (Per(/)) to ensure that each ergodic measure of / distributed on 
ClM"(Per(/)) can be arbitrarily approximated by periodic ones. Mane's criterion above does not 
work here. We will prove the uniformly expanding property by employing a Liaowise "sifting- 
shadowing combination" motivated by S.-T. Liao [22] and R. Mane [25]. 

To overcome the non-invertibility of /, we will introduce the natural extension of / in Sec- 
tion 3. The idea of the proof of Theorem 1 is that if / had not been uniformly expanding on 
ClM"(Per(/)) then, using the natural extension of / and a sifting lemma (Pliss lemma), we would 
construct an "abnormal" quasi-expanding pseudo-orbit string of / in ClM"(Per(/)). Further, a 
shadowing lemma (Theorem 2. 1) enables us to find an "abnormal" periodic orbit P whose mini- 
mal Lyapunov exponent Am\„{P, f) can approach arbitrarily to zero (Theorem 4. 1), which contra- 
dicts the nonuniformly expanding property of / on Per(/). As our sifting-shadowing combina- 
tion, here we use the Pliss lemma (Lemma 2.2) and the shadowing lemma (Theorem 2. 1) proved 
in Appendix in Section 6. 

In the context of the stability conjecture of Palis and Smale, Pliss [27], Liao [22] and Mane [23] 
were independently led to the notion of dominated splitting of the tangent bundle into two sub- 
bundles: one of them is definitely more contracted (or less expanded) than the other, after a 
uniform number of iterates. Recall from [22, 4] that for any / 6 T)\S\^^(M") and 77 > 0, we say / 
has an "(;/, l)-dominated splitting" over CIm" (Per(/)), provided that there exists a constant C > 
and ZJ/-invariant decomposition of 7ci„„(Pei(/))M" into two subbundles 

T,M" = E{x) e F{x) with dim£'(x) =1 Vx e ClM"(Per(/)) 

such that 

\\Dj'\E{x)\\ 
; < Cexp(-2/7fc) Vfc > 1. 

By choosing an adapted norm, there is no loss of generality in assuming C = 1 for simplicity. 
As a result of Theorem 1, we will obtain the following statement in Section 5.2. 

Theorem 2. Let f: M" M" be a -class local diffeomorphism where n > 2, and assume f 
possesses an (rj, \)-dominated splitting over ClM"(Per(/)). If every p e Per(/) have only positive 
Lyapunov exponents and such exponents are uniformly bounded away from 0, then f is uniformly 
expanding on C\m" (Per(/)). 

Finally, in Section 5.3, we will apply Theorem 1 stated above to a C'-class local diffeomor- 
phism of the circle T' ; see Theorem 3 below. 



2. Closing property of recurrent quasi-expanding orbit strings 

To apply a sifting-shadowing combination, we need first to introduce a suitable shadowing 
lemma and a sifting lemma for local diffeomorphisms of the closed manifold M". For that, we 
have to introduce two notions: "/l-quasi-expanding orbit-string" and "shadowing property" of 
quasi-expanding pseudo-orbit. 
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2.1. Closing up quasi-expanding strings 

Consider an 
of / of length k 



Consider an arbitrary / € D\S\^^(M"). Recall that for any /I > 0, an ordered segment of orbit 



{x,f{x)) := (^> 1) 

is called a A-quasi-expanding orbit-string of f if 

1 ^ 

- log l|£'/'-v(.v,/llco >^ ^{^\,...,k. 

As a complement to Liao's shadowing lemma [21], we could obtain the following shadowing 
lemma. 

Theorem 2.1. Given any f e DiSl^^(M") and any two numbers s > and A > 0, there exists a 
number 6 — 6{s, A) > such that, if all (x,-, f"'{xi)) , i — 0, . . . ,k, are A-quasi-expanding orbit- 
strings satisfying d(f"'(xi),Xi+i) < 6 for all < i < k where xj^+i — xq, then there can be found a 
periodic point x off with period — no + ■ ■ ■ + n^ verifying 

d{f"-^^-^"-^^Hx)JHxd) <s 0<j< «,■, < / < ^ 

and 

- J2 log l|£'/--(.)/llco >A-s = 1, . . . , T,. 

j=l 

Here «_i = and d(-, ■) is an arbitrarily preassigned natural metric on M". 

In fact, following the ideas of [18, 11], one can further obtain an (e,p)-exponential closing 
property under this situation. Here the proof of this theorem is standard following [15]; see 
Appendix below for the details. 

2.2. The Pliss lemma 

For our sifting lemma, we shall apply the following reformulation of a result due to V. Pliss. 

Lemma 2.2 ([27]). Let H > be arbitrarily given. For any y > y' > 0, there exists an integer 
Ny^yi > 1 and a real number Cy^yi 6 (0, 1) such that, ifiaQ, . . . , am-i) with m > Nyy and < H 
for all < i < m, is a "y-string " in the sense that 

^ m- 1 

- V fl/ > y, 
m ^ — ' 

1=0 

then there can be found integers < n\ < ■ ■ ■ < n^ < m with k > max{l, mCy y) such that 
(ao, . . . , a„.-i) is a "y' -quasi-expanding string" for all I < i < k, i.e., 

1 ^ 
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We note here that in the above Phss lemma, the numbers Ny^y and Cy^y both depend on the 
preassigned constant H. For our appUcations later, we will consider the special case where 

// = max { I log II A/llcol; X € M" } and a,- = log ||Dy,(,)/||eo 

for a local diffeomorphism / and x 6 M" . 

By a so-called sifting-shadowing combination, we mean a combinatorial application of a 
sifting lemma like Lemma 2.2 and a shadowing lemma like Theorem 2.1. It is an effective 
strategy to prove hyperbolicity in differentiable dynamical systems, see [22, 16, 12] for example. 

2.3. Existence of periodic repellers 

Using Theorem 2.1 and Lemma 2.2 for a C'-class local diffeomorphism /, we can obtain 
the following theorem on existence of periodic repellers under the assumption that / preserves 
an expanding ergodic measure. This theorem will be needed in the proof of the statement (2) of 
Theorem 1. 

Theorem 2.3. Let f e Diff;„,(M") preserve an ergodic probability measure p. If the minimal 
Lyapunov exponent of f restricted to p 

1 ^ 

/IminOu,/) = lim - log ||Z>t/' lico > jU-fl.e. X e M", 
then for any < y" < /lmin(/^,/), there exists a sequence of periodic repellers [Pe}f of f with 

lim Pc - supp(//) 

in the sense of the Hausdorff topology, such that IJ^ P{ is nonuniformly expanding for f with an 
expansion indicator j" k, for some k> I. 

We notice here that, if / € Diff'(M") preserves an ergodic probability measure p satisfying 
/fmaxOu, /) = Um - log IIA/'ll < |/-a.e. xeM", 

then Liao proved, using his theory of standard systems of equations in [20], that p is supported 
on a periodic attractor of /. Our Theorem 2.3 is thus an extension of Liao's result. 

To prove this theorem, we need the following subadditive version of [13, Theorem 2], which 
guarantees the existence of a long y-string. This long y-string enables us to use the Pliss lemma 
(Lemma 2.2) and then the shadowing lemma (Theorem 2. 1). 

Lemma 2.4. Let 6: X ^ X be a discrete-time semidynamical system of a compact metrizable 
space X, which preserves a Borel probability measure p, and {tcY(!^\ an integer sequence with 

?i > 1, ff+i =2ff (^=1,2,...). 

Let ip: N X X — > K U {-ooj be a measurable function with the subadditivity property 

(p(ki +k2,x) < <fi(ki , x) + ip{k2, 0^' (x)) p-a.e. x eX 

for any ki,k2 > 1, such that 
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(a) ip{t, •) 6 ^\X,n)for all t > 1, and 

(b) [r^ip{t, OlS '■s bounded below by an fi-integrable function. 

Then, there exists a Borel subset of ji-measure 1, written as F, such that for all x e F, 

ip{x) - lim -ip{_t, x) with if)(_(f(_x)) - (p{x) Vf > 

and 

lim J lim \y"-^p{tt,ff''{x))\^ip{x). 
Note. Here (f{x) is defined by the Kingman subadditive ergodic theorem [19] such that 



ip{x)n{dx) - lim - [ <fi{t, x)ix{dx) = inf - / (p{t, x)ix{dx). 
r->+oo t Jy t>i t 



Since 



1 1 

|<;o(;t;)| = lim -\(p{t,x)\ < lim - \(p{l,ff{x))\ = t(r{x) fi-a.e. x e X, 



i=0 

where tf) e ^\X,jS} is defined by the BirkhofF ergodic theorem for 0: X X and |^(1, ■)!, hence 
under our hypothesis we have if E ^'(X,ju). 

Proof. The following argument is parallel to that of [ 1 3, Theorem 2] . According to the Kingman 
subadditive ergodic theorem, there is a Borel set F' c X of /i-measure 1 and a measurable 
function if e ^\X, fi) such that 

ip{x) = lim -(fit, x) with (fi(6'(x)) = (f{x) Vx € F' 



and 

(p(x)fi{dx) — lim — / (p{t, x)fi{dx). 



So, for the given sequence [tf]'^ we have 

Um ( —f{t[,(jP{x))^{dx)- I f{x)ij.{dx) 

t^+coj^ t( 

uniformly for a € Z+, since fi is 0"-invariant. For any e > 0, there thus exists an {(s) > such 
that, if f > {(b) then 



This means that for all { > C{e) there holds the inequality 

A-l 



e N. 



For any ( > 1, we now consider the sample (f':X X which also preserves yu, but not 
necessarily ergodic even if ji is ergodic under 6: X ^ X. From the BirkhofF ergodic theorem 
and the subadditivity of (f{t,x), it follows that there is a 0'^ -invariant Borel subset c F' of 
/^-measure 1 such that 

1 f 1 1 

lim - y <^ -<p(te, 0J''(x)) - (fix) } = h}(x) > Vx e Wt 

for some /i^(-) e ^\X,fi), for alK > 1. Set 



Clearly, r c T and fi(r) = 1. By (b), the sequence of functions j | X];=o IfCe, \ is 

bounded below by an /i-integrable function. Thus from Fatou's lemma, there follows that 

[ h*Ax)fi(dx) < liminf / - V { -tf(t(,6^''(x)) - ip(x)\ jj(dx) 

J? *^+«' Jrk ^ [tt J 



< - 
~ 2 



for all a > {(e), and hence 



lim / li*f(x)jj(dx) - 0. 
So, one can find a subsequence {''fjXOj^rj such that 

h*f^{x) — > as A: — > +oo for ju-a.e. x e F. 
In addition, noting ff+i = 2t[ for any /' > 1, for all x e F 

1 f 1 1 

h*,{x) - lim — V -<fitc,ej"ix)) - ifi{x) \ 

,/=o ^ ■' 
This implies that 

h'lix) — » as ^ — > +00 for yU-a.e. .x: € F, 
which proves the lemma. □ 

Now, we can readily prove Theorem 2.3 stated before based on Lemmas 2.4 and 2.2 and 
Theorem 2.1. 
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Proof of Theorem 2.3. Assume that ji is not supported on a periodic orbit of /; otherwise the 
statement holds trivially. Let y, y' and y" be three constants such that 

^min(y",/) > y > y' > y" > 0, 

and define the subadditive functions 

^(f, = - log IIA/lIco V(f, x) 6 N X M". 

From Lemma 2.4 with X - M" and = /, it follows that there is an f > and a non-periodic 
point J e supp(/i) n F, where F is defined by Lemma 2.4, such that 



J k-\ ^ J-\ 

.^^"^ Ty^^°?>\\Dpc(j)f''\U>ytc and \im -^^dfHy), 



>=o 7=0 

where 5,. denotes the Dirac measure at y and the integer t[ is given as in Lemma 2.4. 

From Lemma 2.2 with Uj - \og\\Dptt^y)f''\\co for all j > 0, it follows that one can find 
a positive integer sequence {ntl^ri wi'^h rik — » +oo such that (ao, ■ • ■ , flni-i) is a "y'ff-quasi- 
expanding string" for all A: > 1, i.e., 

1 "' 
m -^^ — ' 

For the simplicity of notation, we assume ff = 1 ; otherwise we consider /'' instead of / when 
applying Theorem 2. 1 . 

Write Xj - f^(y) for all j > 0. By the compactness of M", there can be found two subse- 
quences {«^)^ri and {n^S of {ntl^n ^^ch that 



and 



Since 



Tk := n'l^ -n[^ 4-oo, d(x„' , x„") -^0 as 



Tt 2 



Ti. — ' i ' \ Tt / n ; — ' Tj. n , — ■ 



there is no loss of generality in assuming that converges weakly-* to yu as — > +oo. In fact, 
from 



nl-'-l 



1 ^ — A weakly-* 1 — ^ weakly-* 

— > djci > and — > 5. > ju as ^ ^ -i-oo, 

it follows that 

Um / h{x)fit{dx) - Hm ( 1 + — - — ) / h{x)^{dx) - / h(x)/^(dx) 

*^+'" -/m" *^+°° V Tk TkJ Jm" Jm" 

for any h G C°(M"). Noting that /'^'(•^nj)) is a y'-quasi-expanding orbit-string of / with 
d{x„'^,f"'(xn'^)) converging to 0, and x„'^ = r^i^n'^)- 



Let dni-, ■) denote the Hausdorff metric for nonempty compact sets of M". Then, it follows, 
from Theorem 2.1 with A - y' and Q < e < y' - y" , that there can be found a sequence of 
periodic repellers {P^. ] of / with 

lim Pk, = A c supp(yu) and lim dniPk,, (xn' ,f''(xn[ ))) = 0, 

and / is nonuniformly expanding on IJ^. Pi,, with an expansion indicator A > y". So, we can 
obtain that limy^+co supp(/^tp - A. 

It is clear that A = supp(yL(). In fact, if this fails, there is some x e supp(yL() \ A and further let 
d{x. A) = r > 0. Then there is a continuous function f : M" [0, 1] satisfying 

^(Jc) = 1 and ^(x) = Vx € M" with d{x. A) < ^; 

hence 

< / ^{x)^{dx) - lim / ^{x)^kj{dx) - lim / ^{x)^kj{dx) - 0, 
a contradiction. 

This ends the proof of Theorem 2.3. □ 

3. Natural extension of local diffeomorphisms 

For a difFeomorphism /: M" — > M", Mane's arguments in [25] reUes on the concept "(f, y)- 
set". Let K be an /-invariant compact subset of M" and t > 1 , y > 0. We say /iT to be a (f , y)-set 
of / if for every z & K there exists an integer m, e [0, f) such that 

1 ^ 

-5^1og||D^-,(/„..(,))/IL>y V^>1. 

/=i 

Now, since / is not invertible, / ' makes no sense here. To control the non-invertibility of / in 
the context of Theorem 1, we need to introduce the natural extension of /. 

3.1. The extension of a cocycle 

Let / : X — > X be an arbitrarily given continuous endomorphism of a compact metric space 
{X, d). Let 

— {jx — {. . . ,Xi, . . . ,x_i,xo) € X^^ \f{xi-i) — Xi V; 6 Z_} , 
where Z_ = {0, -1, -2, . . .}. Then, 

— CO 

df{x, y) = ^ 2' min{ 1 , d(x,-, y,)} Vx, ye If 

1=0 

is a metric on Ej under which the shift mapping 

oy: Ef Ef, (. . . , x,-, . . . , x_i, xq) (. . . , x,-, . . . , x_i, xo,/(xo)) 
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is a topological dynamical system (homeomorphism) on the compact metric space (Sj, df). Let 

TT'.Xf^X; {. . . ,Xi, . . . ,x-i,xo) t-^ xq 

be the natural projection. 

If / is a C' -class local difFeomorphism of the closed manifold X = M", we further set 

T^If = T„^rx)M" and Fr, : T-^Ij -» T^,(x)^f\ v ^ (Ar(.v)/)v Vx E If. 
Then, we obtain the natural linear skew-product dynamical system 

TEf — '—^ TZf 

Pr| |pi- where F{x, v) - (af(x), Ft(v)) and Pr: (x, v) i-> x. 

Note here that the inverse of oy is defined as 

ay ' : If ^ If, {..., x,-, . . . , x_i, xo) i-> (. . . , x,-, . . . , x_i). 

For any forward invariant set A of /, let Kf — 7i^'^(K), which is called the "extension" of A 
under/. It is easy to see that Ay is also a forward ay-invariant set, i.e., ay(A/) c Ay. 

The closure of a subset 7 in a topological space Z is denoted by C\z{Y). By the continuity of 
n and the definition of d/(-, •), we can obtain that 

7r(Cl^,(A/)) c Clx(A) and ;r(A/) = A 

for any subset A c X. 

We will need the following lemma. 

Lemma 3.1. Let f: X X be a continuous endomorphism of a compact metric space X. Then, 
for any forward f -invariant set A C X, there follows 

^(CU,(A/)) = Clx(A), 
where n: If ^ X is the natural projection. 

Proof. Let A be a forward /-invariant subset of X. The statement trivially holds when A = or 
X. So, we now assume h + and + X. Let x 6 Clx (A) \ A be arbitrarily given. Then, there is a 
sequence of points pj in A such that 

Pj — > X as 7 — > -i-oo. 

For all i — 1,2,.. ., we arbitrarily pick 

Pj " (■ ■ ■ '^'j.f ■ ■ ■ ' P j.-i' P j.o) e '^"^(Pp ^ A/- 

We now will define an x = (. . . , x_i, xq) - {xdj^^ € Cl2:^.(A/) with 7t(x) = x by induction on / as 
follows: 

First, let us choose xq - x. Obviously, pjQ — > xq as j +oo. 
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Secondly, since X is compact, we can pick a convergent subsequence Ip m \ from 
+00 ^' 
\ Pj, \ . Let x_i = lim p.,,, . It is easy to see that /(x_i) = xq by the continuity of /. 

L ■'' J 7=1 i:->+oo A- .-1 

Assume x,, / < -2, | y'^ ''| have been defined such that 

f{xi) — x,+i and p j.-n — > jc; as A: — > +00. 
By the compactness of the space X once again, we can pick a convergent subsequence, say 

Then from the construction, we easily get - x,. This completes the induction step. 

Thus, we have chosen a point x - (. . . , jc,-, . . . , x\,xq) 6 Ej such that n(x) — x and x e 
CU/A/). This impUes that ;r(Cl2;^(A/)) 3 Clz(A). 

This shows Lemma 3. L □ 

We note that generally Clx(A)/ is bigger than (A/) when / is not injective, for an arbitrary 
/-invariant set A c X. 

3.2. Obstruction and (f, •y)-sef 

Hereafter, let /: M" M" be an arbitrarily given C' -class local diffeomorphism of the 
closed manifold M" . Let ay : Ef Ej and F : TEf — > TEf be the natural extensions of / defined 
as in Section 3.L 

Definition 3.2. For x e Ej- and m > 1, (i, OyX-*")) is called a p-string of f if 

J m- 1 

- Vlog||F^,(.f)||co >p. 
1=0 

Given any n > 1 and p > 0, we say (x, cr"\x)) is an (n, g)-obstruction of F if m > n and (x, cr^(x)) 
is not a ^j-string of F for all n < ^ < m, i.e.. 



1 

-^log||F^,(,.,|L <e V^e[n,m]. 



Note here that - I^f'(n{x))f for any / > from the definition of F in Section 3.1. 

It is easily seen that if F is not expanding on a forward ay-invariant closed set c Ej, then 
to any n > 1 and g > Q, from the compactness of Ej there can be found at least one x e such 
that (x, cr"'(x)) is an (n, £))-obstruction of F for all m > n. 

Lemma 3.3 ([25, Lemma II-4]). Let 72 > T3 > and (x, crf(x)) be a y2-string of F, i.e., 

J m— 1 

-^log||F^,(,,||eo>r2. 



m 

i=0 
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Let < «! < ■ ■ ■ < rik < m be the set of integers such that {x, crj'{x)) is a jyquasi-expanding 
string of F, i.e.. 




nifor I < i < k. 




The following result is a special case of [25, Lemma 11-5] in the case of r = 0. 



Lemma 3.4 ([25, Lemma 11-5]). Let there be any given real numbers 



To > Ti > 72 > 73 > 



and integers 



m > { > n > 0. 



Let {x, cr"'{x)) be a y^-string of F and (x, crj{x)) an (n, y^-obstruction of F. Assume 

(a) m > Ny^^y^, 

(b) mcy^^y^ > {, 

(c) E > Ny^^y^ and 

(d) {cy^^y^ > n. 

Then, there exists a y^quasi-expanding string {x, (T^ix)) ofF with C <k < m, such that {x, cr^(x)) 
is not a y^-string of F. Here all Ny^^y^,Cy^^y^ and Ny^^y^,Cy^^y^^ are defined in the manner as in 
Lemma 2.2 with H - max {| log HDj/Hcol; x e M"]. 

Let & cz Xfhe a forward invariant non-void closed set of ay and x e @. Following [25], we 
define the "germ" as follows: 



where [xt] is a sequence in converging to .x and m^ — > +oo. 

Clearly to obtain J(x, 0), it is sufficient to use sequences {xk] contained in a dense subset 
©0 of ©. Since converges to +oo as A; — » +oo, it is easily seen that J{x, 0) is closed and 
CTy -invariant. Moreover, if = Q(cry |0) the nonwandering point set of the restriction of ay to 0, 
then X itself belongs to J{x, 0). In addition, J{x, 0) is nonempty because every w-limit point of x 
belongs to it. 

The following notion is a modification of Mane's "(f, 7)-set" defined there for a diffeomor- 
phism [25, pp. 177]. 

Definition 3.5. A forward ay-invariant compact subset £' of £/ is called a (t, y)-set of F where 
f € N and 7 > 0, provided that for every I e 2*', there exists an integer e [0, t) such that 

{(rf' "(z)) ) is a 7-string of F for all r > 0. 



J(jt:, 0) = < y E 1 3[xk] and [nik] such that y - Um cr'!"'(xk) 
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Clearly, this implies that F is expanding on E' . Note here that we do not require crj''~'^{z} to 
be in 2"', since Z' is only forwardly invariant. 

The following lemma will be needed in the proof of our Theorem 1 . 

Lemma 3.6. Let there be given a forward crf-invariant compact set & <z Zf, on which F is not 
expanding. Assume there is the number c > Ofor which there holds the inequality 

1 

Um sup - log |F,^;.(i)l|co > c 

for a dense set ©o of points x e 0. Then, for any e > and c > -yj > 72 Ta > 0' there exists an 
integer N — Ne;y^,%,y^ > 1 such that for any x E@, 

(1) either J{x, 0) is an (N, 73)-ief ofF; 

(2) or there exists y e & such that (y, cr"(y)) is an {Ny^^^y^,j',)-obstruction of F for all m > A^y,,y,, 

where Ny^^y^ is given by Lemma 2.2 with H — maXj^e^" I log ||A-/llcol.' moreover, such y 
satisfies at least one of the following properties: 

a) df(x,y) < e; 

b) there exists m e arbitrarily near to x and m > I such that df{crj'(ii),y) < e and that 

(u, crjiu)) is a y^quasi-expanding string ofF. 

Proof. The argument is a modification of that of [25, Lemma II-6]. We denote by 0' the set of 
points y E such that {y, cr'"(y)) is an {Ny^^y^ , -y2)-obstruction of F for all m > Ny^^y^ . Since F is 
not expanding on by hypothesis, the set 0' is obviously non-void. 

It is easy to check that there exists = N^-y^^y^^y^ > Ny^^y^ such that when (j, cr™(j)) is an 
(A^y^ y,, -y2)-obstruction of F in for some m > N, then df{y,&) < e. Here we have used the 
hypothesis > Ti' '^^e C' -smoothness of /, and the compactness of 0. 

Given any i e and any z e J(i, 0), there exists a sequence [xk}k>\ in 0o converging to x 
and satisfying z - lim (/'/''(xk), where nik converges to +oo as k tends to +oo. For any k > \, 

define the set of integers 

S^k - {'w > 1 {xk, cr'J'(xii)) is a 73 -quasi-expanding string of F} U (O). 

As 73 < c and e 0o, from Lemma 2.2 it follows easily that is infinite. For any k > 1, set 

- min n [mt, +00) and k^ - max n [0, niit). 

Suppose that lim inf(A:^ -^") < A^. Then, there exists some integer e [0, A^] which satisfies 

that cTf^'iz) is the limit of some subsequence of ^crj*(xk)\k ^ l|- Hence, (^crj^' ' (z),(Tj^'iz)j 
is a y3-string of F for all r > 1 (here we use the property mt +00). If this holds for all 
z e J(x, 0) then, J(x, 0) is an (A^, 73)-set of F. If this is not the case, the above argument shows 
that we can always pick some z e J(x, 0) such that for any sufficiently large k, k'^ - k' > N. 
Hence k^ - k'' > Ny^^y^ because of N > Ny^^y^. Then, by Lemmas 2.2 and 3.3, it follows 

that ^cr* {xk),^^* {xk)j is an (A^y^_y^,-y2)-obstruction of F in 0. So, df ^cr* (x^;), 0'^ < e for 

sufficiently large k. If A:" = for all sufficiently large k that satisfy d/ ^cr* {xk), 0'^ < e, then 
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df(xii, 0') < e and since x^^ — > jc we obtain d/(x, 0') < e. Taking y e 0' such that df(x,y) < e, it 
follows that y satisfies Lemma 3.6 and meanwhile the stipulation a). On the other hand, if for an 

unbounded set of k we have > 0, we can take ye©' such that d/ (^aj (xk),y^ < e and then 

this pointy, the point u = and m = A:" satisfy the requirements of Lemma 3.6 and the item b). 
This completes the proof of Lemma 3.6. □ 



4. A sifting-shadowing combination 

This section is devoted to the most important argument of the sifting-shadowing combination 
for the proof of our main result Theorem 1 . 

By a sifting-shadowing combination, we will obtain the following criterion, which is of in- 
dependent intrinsic interest. 

Theorem 4.1. Let there be given the forward invariant subset A c M" of a -class endomor- 
phism f: M" — > M", whose closure C1m"(A) in M" does not contain any critical points of f. 
Assume there is the number c > for which there holds the inequality: 

1 

Um sup - ^ log ||£)/.(^-)/||co >c Vx e A. 

If A Q Per(/) then, either f is expanding on C1m"(A) or for every neighborhood V of A in M" 
and every < y' < y" < c, there can be found in V a periodic orbit P off with arbitrarily large 
period Tp and satisfying the following "abnormal inequality " property: 

1 

-^log||Z)^,(^)/||eo<r" 

and 

1 

- ^log ||Z)/.p-,(p,/||co > / = 1, . . . , TP, 

for some point p € P. 

We are going to prove this theorem following the framework of the proof of Mane [25, The- 
orem 11-1] that was clarified independently by [26, 29]. Let d(-, ■) be a metric on M" compatible 
with the natural norm || ■ || on TM". The /y-neighborhood of a set X c M", denoted by B^{X), is 
the union of the /y-balls B^{x) around the points x eX. 

Proof. Since / does not have any critical points in C1m"(A) and it is of class C', / is C'-class 
locally diffeomorphic restricted to a closed neighborhood of A. For simplicity, there is no loss of 
generality in assuming that / is C' -class locally diffeomorphic on the whole manifold M" . 

Let A 0. If / is expanding on C1m"(A), we may stop proving here. Now we assume / is 
not uniformly expanding on A. 

To prove Theorem 4.1, we consider the natural extensions 

CTf : —> Zf and F : TZj TEf 
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associated to / defined as in Section 3.1. Write ©o = A/ and - Clzf(^f), where A/ is the 
natural extension of A under / defined in the way as in Section 3.1. So, by the hypothesis of 
Theorem 4.1, F is not expanding on such that 



1 ^'"^ 

lim sup - ^ log ||/V;.(.f)||co > c Vx 6 00, 



1=0 

where c is the constant given in the statement of Theorem 4.1. Moreover, = Q(cry |0), the 
nonwandering set of ay restricted to 0. 

Let < y' < y" < c be as in the statement of Theorem 4. 1. Then, from now on we fix any 
with y < y„ < y". To any x e 0o, there can be found a sequence of positive integers n/x) t +oo 
satisfying 

E logll%dlco>ro Vy = l,2,.... 

Let y and y be two arbitrary numbers such that Jq > f > j > j' . Choose 77 e (0, 1) sufficiently 
small satisfying 

y - 7; > y' and y + rj < y" . 

Take e > so small that 

y - £ > y', B2e(A) c V 
and that if d(x, y) <e for any x, y e M" then 

|log||A/||co-log||A,/|L| <;,. 

Let 6 - S{s, y) be given as in the statement of Theorem 2. 1 with A - y. 

From the compactness of Xf, we can choose the positive integer s = s{d/4) which satisfies 
that for any given sequence {xi , X2, . . . , Xj) in 2/ there always can be found j with 1 < / 9^ j < s 
such that d/(x/, xj) < 6/4. Now, we define 4(s + 1) positive numbers as follows: 

M Ai) -(0 Ai) 



u) lit \n • n 1 

71-72 '72 '73 ■ ' = 0,l,...,i 



such that 



Let 



(0) ^ -(0) ^ (0) ^ (0) ^ (1) ^ -(1) ^ (1) ^ (1) ^ ^ (/-I) 

7 = 73 < 72 < 72 < tV < < ■ ■ ■ < ^1 

< y7< ^^u^fT^Z^f^ < . . . < y/-') 

< y(^) < y^^ < y^-" < yf 



be the constants determined by Lemma 3.6 in the case of letting e = f , y2 = 72 ' 72 - Ji ^^'^ 
y^ - yf for all Q <i < s. 
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For any i = 0, . . . , s, let X", be the compact set which consists of points f € such that there 
exists an integer m= e [0, n,) verifying that (^crj^' \z), C/ic™' '®)^ is a yj-'-string of F for all 
r > 0, i.e., 

1=0 

It need not be ay-invariant. Clearly, ?t (JJL,) 2',, since F is not expanding on 0. 

For any </<.?- 1, let us choose arbitrarily x, e 0\2',. Then, J(i,-, 0) is not an |^n,, 73*^ -set 
of F because i, belongs to J(i:/, 0). From Lemma 3.6, there can be found e and m,- > 
such that df{xi, Uj) < 6/4, df{cr'p(uj),yj) < 6/4 and ^S,-, crp(uj)j is a 73' -quasi-expanding string 

of F if ;7z,- > 0, and that ^y;, crj'fj,)^ is an (^N-v, yo, 72') -obstruction of F for all »z > n,-. As 0o 
is dense in 0, it follows that when z, e 0o is sufficiently close to y,, there exists a large £ > n, 
such that ^z,, j is an (^N-w yo, 72^^ -obstruction of F. Moreover, there exist infinitely many 
m such that 

J m— 1 

-^logl|F.,.JU>7o. 

Applying Lemma 3.4 to 7[ — 7*j'\72 = 72^ and 73 - , because m can be chosen large with 
respect to C, ( large with respect to ri;, there exists m > k; > t > n,- such that ^f;, cr^'d,)^ is 

a 73 '-quasi-expanding string of F but not a 7j''-string of F, and so not a 73^''-string of F too. 
Thus, CTjizi) lies in \ 2",+i when { large enough. Further, by induction on / we can construct 
sequences {(Mi,z,)}/=o and {('«,-, A:,)}^rQ with m/,z/ e and m,- > 0, fc/ > 2, such that: 

1) {lii,aj'{ui)j and {zi,(r'f{zi)j both are 73*-quasi-expanding string of F, where = Zi if 

= 0; 

2) l^z,-, cTj'fe)^ is not a 7'/^"-string of F; 

3) d/(cr;'(M,),z,) <5/2; 

4) d/(a;^'(z,),M,-+i) <5/2; 

5) if // = maxjlog ||DJ|L; e M"), then 

^,-7i^' -H niiH < (rrii + ki)f 

forall; = 0, 

In fact, because 7 > 7;'' for all ;, we only need to take k, sufficiently large in the previous 
construction to satisfy the conditions 1), 2), 3), 4), and 5) above. 

By the definition of i = s{6/4) before, there can be found in {uiYJlQ two points S,, uj+i with 
/ < j such that d/(M,, uj+i) < 6/4. It is easy to check that the sequence 

(ui, crj'iui)). Hi, Oy'fe)), ...,(uj, ay'iuj)), (zj, ay'(zy)) 
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forms a periodic y-quasi-expanding of F (5-pseudo-orbit of ay in 0. Let 

U( - n{u() and zi - J^ize) for all i < { < j, 

where tt: 2) — > M" is the natural projection defined as in Section 3.1. Then, by the definition of 
the metric function dj of Xf it follows from Lemma 3. 1 that the string 

(«,•,/'"'(«,)), (ZijHzi)), {Uj,r'{Uj)), (Zj,f'(Zj)) 

forms a periodic y-quasi-expanding 5-pseudo-orbit of / in C1m"(A). 

So, from Theorem 2.1 there can be found a periodic point p of f with period 

Tp — rrii + ki + ■ ■ ■ + nij + kj, 

which e-shadows the above 5-pseudo-orbit of / such that Orhjip) c BsiA) and 

k 

k 



1 * 

- log ll%/'-'(p)/llco >y-£>y' 



1=1 



for all A: = 1, . . .,Tp. 

Since kj can be chosen arbitrarily large, Tp can also be arbitrarily large. The rest is to check 
that such p satisfies the abnormal inequality. 

In fact, for all i < £ < j, by 2) and 5) above we have 

J2 log ll£»/'(",)/llco + J2 \\Df(Mo < mH + key^(^'^ 

t=i) (=0 

< {me + k(){ri + y). 

Thus, 

j (mi-\ k,-\ ^ 

E 1 E log ll^/'(".)/llco + E log ll^/'fa)/llco \ ^ Tpy. 

C=i { 1=0 1=0 ) 

Because p e-shadows this quasi-expanding pseudo-orbit string, we obtain that 

T„-l 



E log \\Df(p)f\\co < Tp{T] + y). 



t=0 

Thus 



1 

— E log l|£>/'(p)/llco <T] + y<y". 



1=0 

This ends the proof of Theorem 4.1. □ 

5. Proof of Theorem 1 and local diffeomorphisms of the circle 

In this section, we will prove Theorem 1 using the theorems proved before. Then Theorem 2 
follows easily from Theorem 1 . 
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5.1. Proof of Theorem 1 

The first statement of Theorem 1 follows immediately from Theorem 4. 1 with A = Per(/) 
and c = A. 

The second part of Theorem 1 comes from Theorem 2.3. In fact, if /lmin(ju, /) > then from 
Theorem 2.3, it follows that supp(//) c ClM"(Per(/)); and so from the first part of Theorem 1 
proved, we can obtain that 

/lmin(//, /) = lim J log IIA/IIco yu-a.e. x e CW- (Per(/)) 

= lim - log min | ||(A/)v||; v e T,M" and ||v|| = 1 1 

t->+oo k 

1 

> lim - log(C exp(/t/l)) 

k—y+oo k 

= A. 

And the third part of Theorem 1 trivially holds from the first statement of this theorem. In 
fact, it follows from statement (1) of Theorem 1 that / is uniformly expanding on Q(/). As all 
ergodic measures of / are supported on it follows from Mane's criterion [25, Lemma 1-5] 
as mentioned in Section 1.3 that there exists an integer m > 1 and a constant A' > Q such that 



/ log||A/'"llcofl'//>/l' 

JM" 



for all ergodic measures ju of / supported on M". Thus, / is uniformly expanding on M" from 
Mane's criterion once again. 

This completes the proof of Theorem 1 . 

5.2. Proof of Theorem 2 
Let 

T,M" = E{x) e F(x) with dim^Cx) =1 Vx e ClM"(Per(/)) 

be an (77, l)-dominated splitting given by the hypotheses of Theorem 2. Then, there exists an 
integer m > 1 such that 

IIA-/"'|£WII , 1 w .r^wp 
IIA-/"'F(x)|Lo " 2 ^-^CW„(Per(/)). 

As the minimal Lyapunov exponent A^i„(x,f) > and is uniformly bounded away from for 
X e Per(/), from dim E(x) = 1 it follows that 



1 

A^inixJ'") = lim - Vlog||D^.„(,)n£|| = mA^i„{x,f) > A 



/"=() 



for some constant /I > 0. Hence Df"'\E and then D/'" are nonuniformly expanding on Per(/'"). 
Thus Theorem 1 implies that /"' is uniformly expanding on ClM"(Per(/"')). 
This completes the proof of Theorem 2. 
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5.3. Local dijfeomorphisms of the circle 

As another application of our result Theorem 1, we will consider a local diffeomorphism of 
the unit circle in this subsection. 

Let T' be the unit circle. Using Theorem 1 we can obtain the following result, which is 
indeed a special case of Theorem 2. 

Theorem 3. Let /: — > T' a C^-class endomorphism o/T' which does not contain any 
critical points. If every periodic point of f has a positive Lyapunov exponent and such exponent is 
uniformly bounded away from zero, then f is uniformly expanding on Clfi (Per(/)) and moreover, 
for any ergodic measure p of f, either its support supp(/z) is contained in C\fi (Per(/)) or its 
Lyapunov exponent is zero. 

Proof. First, we assume Per(/) + 0. Then Per(/) is nonuniformly expanding by / and then the 
statement comes immediately from Theorems 1 and 2.3. We notice that from [20], it follows that 
for any ergodic measure ji of /, its Lyapunov exponent A{p) > 0. 

If Per(/) - 0, then from Theorem 2.3 we see that for any ergodic measure ji of /, its 
Lyapunov exponent must be zero. 

This proves Theorem 3. □ 

We here give a remark on the proof of Theorem 3 above. It is known, from [9], that in the 1- 
dimensional case Lyapunov exponent is continuous with respect to ergodic measures in the sense 
of weak-* topology. However, although Per(/) is dense in Cl-ri (Per(/)), one still cannot guar- 
antee, without any generic condition, that every ergodic measure of / supported on CIti (Per(/)) 
can be arbitrarily approximated by periodic measures. So, the proof of Theorem 3 presented 
above is of interest itself. 

In the situation of Theorem 3, if / does not have any periodic points, then from Theorem 3 
we see that 

uniformly for jc e T'. 

6. Appendix: closing up quasi-expanding strings 

In the section, we will prove Theorem 2.1 stated in Section 2.1 following the standard way, 
see Gan [15], for example. 

For this, we need a simple sequence version of shadowing lemma borrowed from [15]. In 
the following lemma, we let Y - {{xi)i^z \ x, e Xj] where Xj is an ^-dimensional Euclidean space 
endowed with the norm || ■ ||/ for every /. Under the supremum norm ||y|| - sup^^^ fory = (x,), 
y is a Banach space. We only consider the mapping <1) : F — > F which has the form 

{<by)i+i - <^iXi where <[), : X,- V/ e Z. 

For any r > 0, let = {x; 6 Xi; ||x,||,- < r). 

Now, the sequence version of shadowing lemma for expanding pseudo-orbit can be described 
as follows; 
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Lemma 6.1. Let there be given numbers y € (0, 1), e > with 

ei :=2e(l+y)/(l-r)< 1 
and r > 0. Let g — '^'^'^ ^ ^ ^■^■^""^^ *^ ~ (•I'lOiGZ : i' — > i' has the form 

<I>i ^ Hi + cf>r. Xi(r) ^ Xm 
where Hi : X; — » /i a linear isomorphism. If there holds that 

l|H,lL>r"', Lip(0,)<?, and ||0,(O)|| < 5 V/ e Z, 
f/ien O /ifli fl unique fixed point v in Y with ||v|| < dg^^. 

This statement is a simple consequence of Gan [15, Theorem 2.3]. So we omit its proof here. 

Let y e (0, 1) be arbitrarily given. A positive number string ibi)^^Q of length { > 1, is called 
y-expanding if there holds bi > 7 ' for all / = 0, . . . , f - 1 . It is called y-quasi-expanding if there 
holds the condition: Yi'^^i ^t-i ^ 7 * for all A: = \,. . .,{. 

A string of positive numbers (c,)fl,j is called well-adapted to a y-quasi-expanding string 

(fe,)frj. provided that Hto' = 1 and Hio c/ < 1 for yt = 0, . . . , ^ - 2 if ^ > 2 and (^,/c,)frJ is 
y-expanding. 

Then, the following is a special case of the combinatorial lemma of Liao [21], also see [15, 

11]. 



Lemma 6.2. Let ye be arbitrarily given. Any y-quasi-expanding string (^/)-^0 of length 
i >2 has a well-adapted string (CjO^tJ such that minly/?,-, 1) < c/ < bifor all < i < i. 

The following lemma is standard: 

Lemma 6.3. Given any f G Diff[Q;,(M"). For any E,T,g > there exists a number r with 
< r < e such that if x,y e M" satisfy d{f{x),y) < r, then the lift off at {x,y) 

O,^,. = exp,:' of o exp^.: T,M"ir) T,M" 

can be well defined such that Oi-^,. — H„ + 0vy where Lip(0jv) < g and where H^. is a linear 
isomorphism satisfying 

1 - T < '■ < 1 + T. 

" IIA/IIco " 



In what follows, let 



^ = SUp,-eM{llA/ll,ll(A/r'll 



Now, we are ready to prove the theorem. 

Proof of Theorem 2. L We need to prove only the closing property. Let A > and e > be 
arbitrarily given as in the statement of Theorem 2. 1 . 

Let ((xi, f"'(xi)))t^ be a /l-quasi-expanding (5-pseudo-orbit of / in M" where i5 > be arbi- 
trarily given; i.e., (xi,f"'{xi)) is a /l-quasi-expanding string of length «, with d(/"'(x,), < 6 
and «, > 1 for each / e Z. Write 

if / = 0, 

Ni - { «o+niH l-n/-i if ! > 0, 

— - ■ • ■ - n_j if < 0. 
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Let yj - f'^'ixi) and Xj - Ty^M" for any Ni < j < Ni+i and any / E Z. Then (yj)jez is a 
5-pseudo-orbit of / in M" . 

Next, we will e-shadow (yj)jez by a real orbit of / if 5 is sufficiently small. 

It is easily seen that there can be found two numbers t e (0, 1) and y € (0, 1) such that 



( 1 - t) exp /I > y ' . 
We now take e > small enough to satisfy 

ei := — < 1. 

1 -y 

Let 

(l-y)(l-ei) 

g = — — I — and 5 e (0, rg] 

2(1 +y) 

where r is determined by Lemma 6.3 in correspondence with the triplet (e, r, where g - 
^/(/Texpi). Then, according to Lemma 6.3 the lift <tj.^^v;+i of / at (yj,yj+i) 

:= exp,-^_ o/ o exp^, : Xj{r) -> Xy+i < ; < A?,+i - 1) 

has the form = Hj + 0j such that 

> (1 - T)||A. /IL, Lip(,^,) < — i— 

A exp /I 

fox i ^Ni,...,Ni+i - l,and 

0/0) = for j = M-,...,A?;+i -2, 



and 



110/0)11 < 5 for; = A?,+i-l. 



So, (||//jHco)yr^ is a y-quasi-expanding string because the string (|IAv/||co)yI^ is e ''-quasi- 
expanding by the hypothesis of the theorem. And hence corresponding to it, there can be found 
from Lemma 6.2 a well-adapted string (c^)^";^"' of length A^,+i - A^, such that K^^ exp(-/l) < cj < 
KfoxaWNi < j<Ni+i - 1. 

For any / e Z and any A^, < j < Ni+\ - 1 let 

and further define 

Denote by = <!>;••■ <i>N, and -^j-- for A^, < y < A^,+i - 1 . Then we have j - gj^^j- 
Note that g^^^^i - 1 and = '^^A'j+i-i for any /. 

Thus, Lip(0j) = gfUp((l)jgj-i) = cj'Lip(0y) < g for all ; and 0/0) = for any Ni < j < 
Ni+i - 1 and ||0/O)|| = ||0/(O)|| < 6 for - Ni+i - 1. Then, according to Lemma 6.1, O = 
(<[>;) ; Y{r) — > Y where Y - Jljez ^J' ^ unique fixed point v = (vj) such that Hv-H < 6g^^ < e. 
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Let - Vf^. for all i and we recursively define 



Vj = 0^_i(v^_i) VA^; < j < Ni+i - 1. 
To ensure this, we need to check that ||vj|| < 6g^\ i.e. Vj_i e Xj^i(r). Indeed, since 

= "^j-dm) = gj-l^j-liVN,) = gj-lVj, 

we have ||vy|| < ||vj|| < Sg^\ From 

Va-^+I = Vn, + 1 = *I'A';+,-l(ViV,) = *PA',^,-l(ViV.) = <l>Af._^,_i(VM,^,_i), 

we see that v - (vj) is a fixed point of <£ = (O^) and ||v|| < 5^ < s. Let z = expj,^(vo). Thus, z 
can -shadow [yj}. 

Now let be periodic, i.e., there is some ^ > such that Xj+k+i = x,- and 

ni+k+i = «! for all /. Define w in the way {w)j - {v)Ni,+t+j for any j E Z. Since both v and w are 
fixed points of O in ^((J^- '), v = vv by the uniqueness. Thus, v - w and further z has period A^j^+i . 

This ends the proof of Theorem 2.1. □ 
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